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SUMMARY 

A new s o l u t i o n  o f  t w o - f l u i d  h y d r o m a g n e t i c  e q u a t i o n s  i s  
o b t a i n e d  i n  t h e  f o r m  o f  l a r g e  a m p l i t u d e  n o n l i n e a r  i o n  w a v e s .  
T h e  m a g n e t i c  f i e l d  v e c t o r  o f  s u c h  a wave r o t a t e s  a n d  c h a n g e s  
i t s  m a g n i t u d e  s i m u l t a n e o u s l y .  T h e r e  e x i s t s  e x p e r i m e n t a l  e v i -  
d e n c e  o f  t h e s e  n o n l i n e a r  o b l i q u e  waves p r o p a g a t i n g  i n  c o s m i c  
s p a c e .  A new m e c h a n i s m  o f  p l a s m a  p e n e t r a t i o n  i n t o  t h e  magne-  
t o s h e a t h  a n d  i n t o  t h e  m a g n e t o s p h e r e  i s  a l s o  s u g g e s t e d  - a v e r a g e  
p l a s m a  f l o w  d u e  t o  t h e  n o n l i n e a r  c h a r a c t e r  o f  t h e s e  waves.  
N o n l i n e a r  i o n  waves o f  r e l a t i v i s t i c  v e l o c i t i e s  a r e  a l s o  c o n -  
s i d e r e d  g i v i n g  a new mechan i sm f o r  c o s m i c  r a y s  g e n e r a t i o n .  A s  
a n  e x a m p l e  t h e  a c c e l e r a t i o n  of  c o s m i c  r a y s  i n  a s o l a r  f l a r e  i s  
c o m p u t e d .  

* 
* * 

1. Nonlinear Hydromagnetic Waves. The N o n r e l a t i v i s t i c  Case. 
The ' i n i t i a l  equa t ions  are t w o  f l u i d  e l ec t ron - ions  equat ions  

of  c o l d  plasma wi th  a magnetic f i e l d .  High amplitude l a rge - sca l e  
p e r i o d i c  waves are sought  f o r .  Inasmuch as t h e  i o n  waves are 
large-scale, t w o  assumptions are made: 1) electron i n e r t i a  i s  
neg lec t ed  cons ider ing  t h a t  the  motion v e l o c i t y  of wave i s  s u f f i c i e n t l y  
l o w  (of t h e  o r d e r  of Alfv6n v e l o c i t y ) ,  i . e .  

1 
E'+-[VJl] = 0: 

C 

2 )  i n  t h e  l a w  of t r a n s v e r s e  momentum conservat ion,  w e  have 

(where H I , '  i s  t h e  long i tud ina l  f i e l d  and HLo,x,HLo,y are a r b i t r a r y  
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cons tan t s )  w e  have neglec ted  the  e l e c t r o n  pu l se  as compared 
w i t h  t h e  i o n  pulse .  

Expressing v, and vi of these  r e l a t i o n s  by H d s u b s t i t u t i n g  
i n  t h e  M a x w e l l  equat ion 
f o r  t h e  modulus and phase of the  magnetic f i e l d  H 

r d  I€ == 4neilc-’(ui - V C )  , w e  f i n d  t h e  equat ions  

Here u = 1 f ~ ( 1  P I L  -IL*)-- i s  the dimensionless l o n g i t u d i n a l  
ve1oci ty ;Q = Q2 +“iQ, is  t h e  complexone ti p , 1 2  and p 1 2  are t h e  
rea l  i n t e g r a t i o n  cons t an t s .  

Suppose t h a t  fo r  r$ = 0 ( i .e.  a t  J j i i l l ~ o j  t h e  field modulus 
assumes a c e r t a i n  va lue  X = A ,  ( A ,  beirlg i n  t h i s  way one of wave 
c o n s t a n t s ) .  Then t h e  s o l u t i o n  of equat ion  ( 3 1 ,  which passes  
through p o i n t  $ = 0,X = X o ,  i s  

w e  
n e t  

ds 
S u b s t i t u t i n g  it i n  ( 2 a )  and t a k i n s  i n t o  account that(--)2 =-1(!12-S’, 

o b t a i n  f o r  t h e  square of f i e l d  modulus,i .e.  f o r  t h e  mag-dv 
. ic f i e l d  energy g = A 2 ,  t h e  equat ion  
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Eq. ( 4 )  i s  e a s i l y  i n t e g r a t e d  i n  e l l i p t i c  func t ions .  I f ,  
for i n s t a n c e ,  equat ion  U = 0 has two rea l  p o s i t i v e  r o o t s  a and 
f3 (a > g > B )  and two other complex roots ,  t h e  connection bet- 
ween T and 3 is  given by t h e  e l l i p t i c  i n t e g r a l  ([ll, formula 
3.145.2) 

I n v e r t i n g  t h i s  i n t e g r a l  w e  ob ta in  

When the imaginary p a r t  n of t h e  complex conjugate  roots 
approaches zero ,  k -t 1, w e  have a non l inea r  s o l i t a r y  p u l s e  [2]. 
On the  con t r a ry ,  w i t h  t h e  confluence of t h e  real  roots,  ci + B ,  
and w e  have k + 0 .  I n  this extreme case of low-amplitude waves 
( 0 1  s 6)  t he  e l l i p t i c  s i n e  changes t o  an ord inary  s inuso id ;  t h u s  

w e  o b t a i n  both branches of low-amplitude waves, namely t h e  Alfv6n 
branch and t h e  magneto-acoustic branch. 

L e t  us underscore scme of t h e  special f e a t u r e s  ef t h e  
s o l u t i o n  thus  obta ined .  

1. Contrary t o  non l inea r  s o l i t a r y  pulses ,  i n  p e r i o d i c  
waves t h e  plasma has a cer ta in  mean v e l o c i t y  u = =  5lrd.t r e l a t ive  
t o  t h e  magnetic f i e l d ,  i . e .  t h e  plasma p e n e t r a t e s  i n t o  t h e  mag- 
n e t i c  f i e l d .  P o s t u l a t i n g  t lJ i , /Ot  -= - I * ~ ) L E - = O  and, therefore E = cons t ,  
w e  have l i nked  t h e  coordinate system w i t h  t h e  magnetic f i e l d  of 
the  wave. Consequently, t h e  nonzero mean value f o r  t h e  pe r iod  of 
v e l o c i t y  = 1 + pL2/2. (1 - X 2 )  impl ies  t h a t  on t h e  average t h e  
plasma moves r e l a t i v e  t o  t h e  f i e l d  H .  I n  l i n e a r  approximation 
t h e r e  i s  no such average plasma flow r e l a t i v e  t o  the  f i e l d .  The 
average f o r  t h e  p e r i o d  from s i n e  i s  zero.  S i m i l a r l y ,  t h e  on-shore 
sea waves c a r r y  w i t h  them a s p e c i f i c  momentum and f l o w  of matter, 
Namely, a t  high amplitude of waves ( i n  a storm) t h e  non l inea r  
d r i f t  e f f e c t  is  g r e a t e r  a lso.  A clear  proof of t h e  d r i f t  are t h e  
random o b j e c t s ,  f o r  i n s t a n c e  p ieces  of wood, c a r r i e d  by t h e  wave 
f r o m  t h e  open sea t o  t h e  shore.  

Therefore ,  t h e  non l inea r  p e r i o d i c  waves c o n s t i t u t e  a form 
of plasma motion re la t ive t o  t h e  magnetic f i e l d .  The compressed 
plasma p e n e t r a t e s  i n t o  the  magnetic f i e l d  of t h e  wave; t h i s  mag- 
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n e t i c  f i e l d  is variable bo th  i n  magnitude and d i r e c t i o n .  I n  
t h i s  respec t , .  n o n l i n e a r  waves are e s s e n t i a l  i n  the t u r b u l e n t  
t r a n s i t i o n a l  l a y e r  between the  undis turbed  solar  wind and t h e  
magnetosphere: t h e  magnetic f i e l d  becomes variable and t h e  
plasma passes  through it toward the  magnetosphere. 

Here t h e  analogy wi th  s e a  waves i s  n o t  complete. The 
presence  of the  magnetic f i e l d  changes cons iderably  a l l  t h e  
p r o p e r t i e s  and the s t r u c t u r e  of a non l inea r  wave. F i r s t  of 
a l l ,  an obl ique  wave i s  always 'a wave w i t h  f i e l d  r o t a t i o n .  
I t  can be s a i d  
does n o t  break 
it. 

Secondly , 
of combination 

t h a t  the  plasma i n c i d e n t  upon t h e  magnetosphere 
through t h e  f i e l d  bu t  " t w i s t s  i ts  way" through 

the nonhomogenous f i e l d  of a wave, e s p e c i a l l y  
of non l inea r  waves 8 r e t a i n s  t h e  f a s t  particles. Such 

a method of plasma r e t e n t i o n  by non l inea r  waves can be used i n  
plasma experiments .  L e t  us note  tha t  i n  e l e c t r o n  waves the  
f i e l d  ampl i f i ca t ion  i s  of the  o rde r  a 3 43 ,  so t h a t  there 
emerge very s t r o n g l y  r e t a i n i n g  f ie lds .  Possible a l s o ,  besides 
t h e  magnetic r e t e n t i o n  is the electric r e t e n t i o n ,  namely the  
t r a p p i n g  of p a r t i c l e s  i n  e l e c t r i c  p o t e n t i a l  w e l l s .  

The p o l a r i z a t i o n  of nonl inear  waves is  e s s e n t i a l l y  d i f -  
f e r e n t  from the  l i n e a r  case. Having w r i t t e n  as s i n  ( +  + 6 )  I Q I  
we have the fol lowing complex r e l a t i o n  between 4 and A :  

i .e. a more complicated 
corresponding t o  l i n e a r  

p o l a r i z a t i o n  curve than the e l l i p s e  
waves. 

F i n a l l y ,  l e t  us underscore a g e n e r a l  s t r u c t u r a l  p rope r ty  

it fol lows t h a t  plasma d e n s i t y  i s  h i g h e s t  i n  
of n o n l i n e a r  waves: from the  f i rs t  i n t e g r a l s  nu = cons t  and 

I l l 2  
11 = 1 + ->- (1 - AZ) 
the magnetic f i e l d  maximum, and l o w e s t  i n  t h e  magnetic f i e l d  
minimum. 

The shape of the  i n t e r p l a n e t a r y  f i e l d  magnetograms measured 
on sa te l l i t es ,  t h e  curves of  f i e l d  vector r o t a t i o n ,  the  r a t io  
between t h e  cons t an t  and the  variable f i e l d  components (Explorer  
[ 3 ]  Mariner-4 [ 4 ]  , OGO-1.3 151) , a l l  of t h e m  bear wi tness  t o  t h e  
n o n l i n e a r  n a t u r e  of waves observed i n  the i n t e r p l a n e t a r y  medium 
and i n  the t r a n s i t i o n  r eg ion  [magneto sheath]. 
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2 .  Rela t iv i s t ic  Ion Waves and t h e  Or ig in  of Cosmic Rays. 
When Alfvgn vel 'ocity approaches l i g h t  v e l o c i t y  c,  ions  

accelerate i n  non l inea r  waves t o  ene rg ie s  of hundreds of MeV. 
The n o n l i n e a r  na tu re  of t h e  wave is t h e  p r e r e q u i s i t e  cond i t ion  
f o r  a c c e l e r a t i o n ,  f o r  on ly  in nonl inear  wave i s  t h e  p a r t i c l e  
v e l o c i t y  of same orde r  as t h e  wave v e l o c i t y .  Par t ic le  ve loc i -  
t ies are low even i n  t h e  f a s t e s t  l i n e a r  wave. 

I n  the gene ra l  r e l a t i v i s t i c  case  t h e  two-fluid magnetic 
hydrodynamics equat ions  can y i e l d  t h e  fol lowing system of d i f -  
f e r e n t i a l  equat ions  : 

P2 B = p 2 ctg2 0 - 2 -;- - s 4- r'*2 -t 2 p 4  -t- I111 s,; ( 3- 

and S, Res , ,  SI, Im S p  a r e  a r b i t r a r y  cons t an t s ,  

aA 8R Inasmuch as .-==-.-, khe system ( 7 )  i s  Hamiltonian and has  
dl1 a(l 

f o r  t h e  f i r s t  i n t e g r a l  

For the f i e l d  modulus w e  ob ta in  the equat ion  

I n  t h e  p a r t i c u l a r  case of ImSp = 0 ,  i n t e g r a l  ( 8 )  is  reduced 
to a q u a d r a t i c  equat ion  r e l a t i v e  t o  9: 

+ "9 + d = 0. 
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Taking t h e  q u a n t i t y  0 = (r2 - 4ad)'/, f o r  a new unknown 
f u n c t i o n ,  w e  conver t  (9) t o  the following simple form: 

(K is a c o n s t a n t ) ,  where p2 is expressed by a f o u r  degree 
polynomial re la t ive t o  0 ,  and the  s o l u t i o n  of equat ion  ( 1 0 )  i s  
expressed  by a l i n e a r  combination of e l l i p t i c  i n t e g r a l s .  

L e t  us show how t o  determine t h e  l i m i t s  of p a r t i c l e  accele-  
r a t i o n  i n  such a wave. W e  w i l l  i l l u s t r a t e  it by t h e  very  simple 
example of a compression " so l i t on" .  

I n  the case o f  a nonl inear  s o l i t a r y  pu l se  ( s o l i t o n )  ( i .e .  
when t h e  plasma i s  no t  per turbed  a t  i n f i n i t y ) ,  X = 1; 1171 ==pi1 ==E = 0 
W = Mc ( p and- pII are t h e  t r ansve r se  and l o n g i t u d i n a l  momenta) t h e  
wave cons t an t s  w i l l  r e s p e c t i v e l y  take t h e  following values:  

And subsequent ly  
1 + p* 

Y2 
p==(a - -  A)*.P(u) ,  where P(a) = - -a2-+2A~u----+ 

Y 2  
2 /YA With s u b s t i t u t i o n  by variable v = - a - A  Eq. ( 1 0 )  i s  

e a s i l y  i n t e g r a t e d  i n  elementary func t ions .  

The amplitude of the  nonl inear  s o l i t a r y  pu l se  compression 
0+ and t h e  minimal f i e l d  value i n  a non l inea r  s o l i t a r y  pulse  
r e f r a c t i o n  CT are determined as  the roots  of equat ion  P ( a )  = 0: 

Fu r the r  r e l a t i o n s  f o r  t h e  extreme p o i n t s  of t he  wave 
co inc ide  wi th  those obtained i n  [ 6 ]  where t h e  au thor  has inves-  
t igated t h e  p a r t i c u l a r  case of non l inea r  s o l i t a r y  p u l s e s ,  l i m i -  
t i n g  himself t o  t h e  extreme p o i n t s  and wi thout  so lv ing  t h e  
d i f f e r e n t i a l  wave equat ions .  
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F i r s t  of a l l ,  l e t  us f i n d  t h e  maximum v e l o c i t y  f o r  t h e  
n o n l i n e a r  s o l i t a r y  pu l se .  A t  i n f i n i t y  C O S  4 = 1 ,  i . e .  0 = 0 .  
A t  t h i s  p o i n t  f o r  @ = 0 d 2 ( c o s  + ) / d h z  < 0.  
t w i c e  the express ion  f o r  c o s  + a s  a func t ion  of A ,  which f o l -  
l o w s  f r o m  ( 8 1 ,  w e  f i n d  8 < B m a x  = ~/m. S u b s t i t u t i n g  t h i s  
maximum v e l o c i t y  i n  r e l a t i o n  (12) w e  ob ta in  

By d i f f e r e n t i a t i n g  

Now, l e t  us cons ider  t h a t  r e l a t i v i s t i c  non l inea r  s o l i t a r y  
p u l s e s  propagate  toward t h e  i n i t i a l  f i e l d  only a t  a s u f f i c i e n t l y  
small angle .  A t  an angle ,  larger  than t h e  l i m i t  angle ,  change 
over t a k e s  p l ace  and t h e  motion becomes mult i f low.  

The cond i t ion  no/ n = 1 -t Pll/ pW > 0 i n  t h e  momentum maximum 
at cos  0 = - 1 yields 

wherefrom, using (13)  : 

The p a r t i c l e  energy i s  

As an example, l e t  us i n v e s t i g a t e  the cond i t ions  of a 
s t r o n g  chromospheric f l a r e  i n  t h e  Sun. 
= 500 gauss ,  n o  = 10' ~ r n - ~ .  Then, according t o  formula ( 1 6 ) ,  
AW = 250 Mev i s  t h e  c h a r a c t e r i s t i c  energy of s o l a r  cosmic rays .  

W e  p o s t u l a t e  t h a t  H, = 

Softer protons ( f o r  i n s t ance  AW 2, 5 MeV) , are a l s o  emi t t ed  
L e t  us estimate t h e  f i e l d  r equ i r ed  for  ac- by a q u i e t  Sun [ 7 ] .  

c e l e r a t i o n :  H 2 - - 2 : c n ~ l W =  104gauss2(no = 10' crnm3, AW = 5 Mev). 

Such f i e l d s  of 2, 1 0 0  gauss are a c t u a l l y  c h a r a c t e r i s t i c  for 
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s o l a r  reg ions  e m i t t i n g  corpusc les  [ 7 ] .  

A c h a r a c t e r i s t i c  p e c u l i a r i t y  of t h e  r e l a t i v i s t i c  waves 
is  t h e  presence i n  them of t h e  l o n g i t u d i n a l  electric f i e l d  Ell. 
This  i s  a p o t e n t i a l  f i e l d  ( r o t  E,, = 0 ) ,  and a p o t e n t i a l  w e l l  
i s  formed, i n  which i o n s  ( i n  the r a r e f a c t i o n  non l i n e a r  s o l i t a -  
ry p u l s e  minimum) and e l e c t r o n s  ( i n  t h e  condensation non l i n e a r  
s o l i t a r y  p u l s e  maximum) e f f e c t i n g  t h e r e  a f i n i t e  motion, a r e  
t rapped .  I f  only for t h e  f a c t ,  t h a t  t rapped  p a r t i c l e s  move 
along t o g e t h e r  wi th  t h e  wave, they have a l s o  a cons iderable  
k i n e t i c  energy. L e t  us eva lua te  it f o r  t h e  s imples t  case of 
t h e  condensation of non l inea r  s o l i t a r y  pu l se  

The energy of a t rapped  p a r t i c l e  is lower than t h e  
energy of a p a r t i c l e  accomplishing an i n f i n i t e  motion, b u t  
is  of t h e  same o r d e r .  When the  wave i s  destroyed t h e  t rapped 
p a r t i c l e s  excape i n t o  t h e  surrounding plasma, gne ra t ing  a l so  
cosmic rays. 

A l l  t h e  r e s u l t s  of  t h i s  a r t i c l e  can be gene ra l i zed  f o r  t h e  
case of a h o t  plasma, t ak ing  i n t o  account t h e  e l e c t r o n  and ion  
p res su re .  Then, only t h e  equat ions  of p a r t i c l e  motion along t h e  
a x i s  02 undergo a change. Pressure w i l l  in t roduce  i n t o  them 
+&e a d d i t i o n a l  term 1 / ;zap / Bz, a d ,  accordingly 

where yt == c p  / cu i s  t h e  r a t io  of heat c a p a c i t i e s  and v = xT, / f i i11o2 

is  t h e  i n v e r s e  Mach number f o r  a c o u s t i c  waves. The e l e c t r o n i c  
p r e s s u r e  is p a r t  of t h i s  formula s i n c e  t h e  wave v e l o c i t y  of i ons  
i s  lower than t h e  thermal v e l o c i t y  of e l e c t r o n s  and h ighe r  than 
t h a t  o f  i o n s .  

The method t h a t  made i t  p o s s i b l e  t o  f i n d  t h e  f i r s t  i n t e g r a l  
of Eqs. ( 2 )  can be also app l i ed  i n  t h e  presence of p re s su re :  

U2 

2 - - + P(1212) -I.-  const. 

_- I (I I.;"" .- ( S A )  2, 
1 c??Z 2-2;---'  S u b s t i t u t i n g  t h i s  expression i n t o  equat ion  
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w e  obtain a d i f f e r e n t i a l  equat ion f o r  u. 
selection of constants t h e  so lu t ion  of-this equat ion  can be 
described by m e a n s  of a double-humped curve. 

As may be seen from the  formula for  u, t h e  change over 
effect i s  no t  observed i n  waves wi th  p r e s s u r e ,  no matter what 
t h e  parameter values. 

With a special 

In  the i so the rmic  case: 

I .Z .M.I .R.A.N.  

* * * THE END * * * 
Manus cri  p t received 
7 February,  1967. 
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